HAVING in my last memoir completed the investigation of the amount of Preces sion and Nutation on the hypothesis of the earth's consisting of a homogeneous fluid mass contained in a homogeneous solid shell, I shall now extend the investigation to the case in which both the interior fluid and exterior shell are considered heteroge neous.
1. When accelerating forces X, Y, Z act on any point of a heterogeneous fluid mass, of which no part of the surface is free, and of which the density at the point x, y , £ is g,we have for the conditions of equilibrium (II.) = constant throughout each surface of equal pressure. Now the forces which act on the internal fluid of the earth are (1.) The mutual attraction of the different particles of the fluid mass : (2.) The attraction of the solid shell on the fluid mass: (3.) The disturbing force of the sun : (4 .) The disturbing force of the moon: The centrifugal force, the planes of rotation being parallel to the tangent plane at B ' (fig. 2 . First Series, Art. S.): This may be separated into two parts, viz.
(5.) The resolved part on any point acting in a direction perpendicular to the axis of rotation; and (6.) The resolved part parallel to the axis of rotation. The forces (1.) and (2.) satisfy condition (I.), as is well known ; as do likewise (3.), (4.) and (5.), (First Series, Arts. 8, 9, 10.) . The force (6.), as has been shown (First Series, Art. 10.), gives Z = 2 u 1 e fi . x , which does not r pressed by equation (I.), since it does not satisfy the well-known equations from which it is derived*. If, therefore, the forces (1.) (2.) (3.) (4.) and (5.) only acted on the fluid mass it would be in equilibrium, provided condition (II.) were satisfied; and if in addition to these the force (6.) should also act, it would be the only force producing motion in the fluid, provided the instantaneous surface of equal density should always be identical with that which would be the surface of equal pressure if the force (6.) did not act, since such an arrangement of the fluid would be necessary in order that the forces (1.) (2.) (3.) (4.) (5.) should produce no motion in the fluid.
It has been shown (First Series, Art. 12.) that the force Z (= 2 s . on any par ticle (x y z) may be replaced by a force a2 s vector, and producing motion in the fluid, and another force which would be con sistent with the equilibrium of the fluid. The latter of these may therefore be asso ciated with the above forces, which would produce equilibrium, and the former (u2 s (3 . r) will be the only force producing motion, always supposing condition (II.) to be satisfied with reference to all those forces which satisfy condition (I.). Con sequently if these forces were such that the surfaces of equal density should be spherical, and if the inner surface of the shell were also accurately spherical, the angular velocity generated in the fluid about the axis of in a unit of time would = u2s /3, and would be entirely independent of the law according to which the density should vary in passing from one spherical surface of equal density to another. It would be the same for the heterogeneous as for the homogeneous fluid.
The action of the force u2 s (3 . r, and therefore the above result will the case of the earth by the circumstances of the inner surface of the shell and the surfaces of equal density being spheroidal, instead of being spherical. It is manifest, however, that this modification will be of an order higher than . s /3, and may there fore be neglected, as before stated with reference to the homogeneous spheroid (First Series, Art. 14.).
Again, in consequence of the fluid motion produced by the force . r, the condition (II.) will not be accurately satisfied with reference to the forces which satisfy (I.), and these forces will therefore produce motion in the fluid. To esti mate this motion, let us suppose no forces to act on the fluid except those which satisfy (I.), and let us suppose the surfaces of equal density to be displaced through indefinitely small spaces from those positions in which there would be perfect equilibrium. The tendency of the forces would be to bring back the instantaneous surfaces of equal density to their latter positions, and thus an oscillatory motion would arise; but it is manifest that no continuous angular motion of the whole mass could thus be produced, at least of the same order of magnitude as the whole oscillatory motion. Now, in our actual case, this motion could not be greater than quantities of the order s (3, since the angular motion from which the p are considering arises, is of that order. Consequently the modification of our first result due to this cause may be neglected.
Again, the disturbing forces of the sun and moon will produce an oscillation in the surfaces of equal density of the fluid mass, or an internal tide; but it is manifest that no continuous angular motion of the whole fluid mass can arise from this oscillatory motion, which may here, therefore, be also neglected.
Hence, then, the angular motion of the fluid about the axis of y will be the same, to the required degree of approximation, whether the earth be heterogeneous or ho mogeneous ; i. e. if, for the heterogeneous spheroid, we denote by (y2) the quantity analogous to that in the homogeneous one denoted by y2 (First Series, Art. 16.), we shall have I shall now proceed to determine the motion of the heterogeneous shell; for which purpose we must find the values which the quantities A4 Bx Dx A2 B2 D2, &c. (First Series, Art. 5.) assume when the spheroid is heterogeneous ; or, adopting the notation of the last paragraph, we must find the values of (Ax) (A2) (A3) (A4) (Bx) (B2) (B3) 2 .
The moment of the disturbing force of the sun communicating a rotatory motion to the earth, considered as a heterogeneous spheroid*, where ar = polar radius of the earth, g' = the ellipticity of that surface of equal density (/) of which the polar raConsequently, if a be the polar radius of the inner surface of the shell, this moment for the shell will be 
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Let s be the ellipticity of the inner surface of the shell. If the earth were homo geneous, and the ellipticity of the external surface were also = g, we should have and therefore^ g sin 2 A (First Series, Art. 19.);
Let us suppose this
which for brevity may be written
If s' were constant and = slf we should have
In our actual case we may put we shall then have Unless -a be very small it is manifest that A will be less than slf and therefore q less than unity.
The value of gives
The fluid pressure on the interior surface of the shell will be produced by the mutual attractions of the particles of the whole mass fluid and solid, the centrifugal force on the fluid, and the disturbing forces of the sun and moon. If denote the fluid pressure at any point x,y, z, and § the density there, we have ct^ D C (1^ 1J T he accurate determination of the values of » and would require that of the motion of the fluid; but since these quantities will be very small, it will be suffi cient to determine their approximate values. The angular motion denoted by a' (First Series, Art. 15.) may be neglected in determining the value of as shown in Art. 23.
(First Series). The motion to be taken account of is the internal tidal oscillation. The direction of each particle's tidal motion will be approximately in a line through the earth's centre; and therefore, if we suppose a portion of the fluid to be contained in a rectilinear and rigid canal of small diameter, passing through the centre of the earth, the motion of the fluid and the fluid pressure at any point within the canal will not be affected. Let r be the distance of an element of the fluid contained in this canal from the centre of the earth; R the sum of the impressed forces acting on this element resolved in the direction of the canal; then, instead of the general equation above, we shall have dp = g ( rr, and
p = n + J ur t ( R -j ? ) d r >
II being the pressure at the centre, r the value of r at the interior surface of the shell, and p the pressure there; and we shall have the moment of p round the axis of (First Series, Art. 21.) = 2 s2 x S S c o s?;(n + J ( r -
The value of R is given by the equation R = X cos 0" -j-Y cos + Z cos 0, 0', 0 " being the angles which the direction of the canal makes with the axes of s, y, and x respectively. We may consider separately the effects of the different forces above mentioned which combined produce the force R.
4. Let us first take that part of R which depends on the mutual attractions of the particles constituting both the fluid and solid portions of the mass.
If we examine the part of the expression under the sign 2 for the moment about the axis of y, given in article 23 of my first memoir, we observe that it consists partly of terms involving (3 as a factor, and partly of terms independent of (3, but that all the latter disappear when the integration is performed between the proper limits, leaving a result containing (3 as a factor. It was easy to foresee that this must be the case, because the moment considered in the article referred to was that of the centrifugal force, and would manifestly vanish with (3 In like ma moment about the axis of y, produced by that part of R which depend attractions of the particles of the whole mass, must vanish with i. e. when the in stantaneous axis of rotation of the fluid coincides with the spheroidal axis of the shell. Consequently all the terms which need be retained in R, in the above expression, must involve ( 3a s a factor, and, therefore, all terms in R involving s may be neglected; for since the terms retained must involve (3, those involving s would be of the order s (3 under the integral sign; and since the whole integral is multiplied by s, the corre sponding terms in the result would be of the order , terms which have always been rejected. With this restriction the attraction on a point at the distance r from the centre in the direction of r, or the value of R, will
and the corresponding moment about the axis of y -2 s 2 * 5 S c o s^( n + Again, in the expression for § we may reject all terms involving s, for the same reason as they have been rejected in the expression for R, which will reduce the ex pression for § to the same form as if the surface of equal pressure were a sphere, i. e. § will become a function of r. Hence, since the quantity under the sign J *will now be a function of r, and all terms in the definite integral which do not involve the factor (3 must disappear, the above expression for the moment about the axis of y may be written 2 e 2 S S cos £ (II + /3 'F (r)). Also ( a being, as heretofore, the axis of the interior surface of the shell)
r -a -{-terms involving s;
and therefore for ''F (r) we may substitute Y (a); and the moment becomes = 2 £ (n + ( 3¥ (as)) 2 a? S S cos £ = 0 when integrated between the proper limits.
5.
Let us now consider that part of R which depends on the centrifugal force on the fluid. Taking those terms in the expression for the resolved parts of this force which are independent of the factor s (3 (First Series, Art. 23.), we have for these parts co2 x' and u2 y'f parallel to the axes of x' and y' respectively, the axis of rotation of the fluid being the axis of Making the spheroidal axis of the shell the axis of z, and the plane of x z the same as that of x1 z', 
» S . ^ n = h Z( g S -l)Sm2&
-h y l sin 2 (3, (First Series, Art. 23.) which gives (7i) = ^ 7i 6. We have now to consider that part of R which depends on the sun s action. Let X', Y', 71 be the disturbing forces of the sun parallel to the axes of r, respectively, the plane of x z being now so taken as to pass through Then if A be as heretofore the N. P. D. of the sun, we have (First Series, Art. Since the exact position and form of any surface of equal pressure and density in the internal fluid will depend on the disturbing forces of the sun and moon, as well as on the mutual attractions of the different particles of the whole mass, it will be constantly varying with the positions of those luminaries. The hypothesis I shall
make for the purpose of determining an approximate value of ^2 is this-that the in stantaneous position and form of any surface of equal pressure and density are the same as those it would have in its position of equilibrium under the action of the forces at the proposed instant, and supposing the whole mass fluid. Each fluid particle would then move with the surface to which it belongs, and in a direction at least very ap proximately normal to it, and therefore passing very nearly through the centre of the earth, as previously stated (Art. 3.). The extreme slowness of the absolute motion of each particle will render this hypothesis quite approximate enough for our purpose. We must first determine the surface of equal pressure, supposing it one of equili brium ; and in doing this we may restrict the investigation to the case of the sun's action. From the results thus obtained those depending on the moon's action will be immediately deducible.
Let X, Y, Z be the whole of the forces on the fluid particle , z) parallel to the coordinate axes, arising from the attractions of the other particles of the mass, the centrifugal force, and the disturbing force of the sun. Then and substituting the value of A from the preceding equation, = a | 1 + the equation to any instantaneous surface of equal pressure, supposing its actual instantaneous and statical forms and positions to be the same. It is a prolate sphe roid, of which the axis is in the line joining the centres of the earth and sun. This surface may be considered as fixed while the earth revolves in its diurnal motion, during which each fluid particle (according to our approximate hypothesis of its mo tion) will always remain in the same surface of equal pressure; and if r, 0 and < p be taken as the coordinates of any one particle during its diurnal motion, & (its angular distance from the pole of the earth) will remain constant, and will equal the an gular velocity of rotation. The corresponding variation in r will be obtained by differentiating the previous equation subject to these conditions. Hence d9 together with another term involving cos 2 < p , which will, therefore, disappear after the final integrations in determining the effect of this force on the motion of the shell, as in article 6.
cP V
The above term in the value of is precisely similar to the only effective term in 1 . d^ v is so small that the term in -jjc, is about ^r^th of the term that part of R which arises from the disturbing force of the sun (Art. 6.), with which term it may therefore be combined. The numerical value, however, of the factor
An exactly similar investigation is manifestly applicable to the case of the moon's d^ v action, from which it follows that the term in depending on this cause will be about Q^oth of the corresponding term in R.
The correction to be applied to the value of R obtained in article 6 is additive (since ^ is negative), and, instead of the results given in that article, we shall have If the interior fluid were homogeneous, it is manifest that the attraction of its different particles on those of the shell could have no tendency to turn the shell about the axis of y, whatever might be the position of the spheroidal axis with respec to the axis of rotation of the fluid. This will not be accurately true when the fluid is heterogeneous; but it may easily be shown that this effect may be neglected in our results. For, in the first place, the attraction between the whole shell and any fluid particle would vanish if the surfaces of equal density were all spheroidal with the same ellipticity, and can therefore only be of an order of quantities depending on the difference of ellipticities of these surfaces. It must therefore involve a factor of the order e. Secondly, the direction of the attraction of the whole shell on the fluid par ticle (or of the fluid particle on the shell) will pass at a distance from the axis of y not exceeding a quantity of the order s a. Consequently, the moment of this attraction will involve the factor g2; and such being the case for every fluid particle, the moment of the whole attraction of the fluid on the shell will contain the factor g2. Thirdly, this moment must vanish with (3, and must therefore contain as a factor. It will con sequently be not greater than quantities of the order g2 (3, and may be neglected.
9. From the preceding results we obtain (A) = (Aj) + (A2) + (A3) + (A4) (First Series, Art. 6.),
= (1 + s)(Ai + A2) + h( A3 + A4) ( l -f-235).
When the solid shell is very thin, A3 and A4 are respectively much larger than A4 and A2, since A3 = , and A4 = (First Series> Arts-21 > 22-)-that case, therefore, the precession will depend almost entirely on A3 and A4, and the introduc tion of the factor 1 + ^ instead of unity will give a correction amounting to nearlỹ t h of the whole precession, or something less than -jth of a second. For any but the most inconsiderable thickness of the solid shell, the correction will be much less. It may, therefore, be altogether neglected, as a quantity of the same order as the terms involving g2 (3. We shall then have qb -1 A.
If P denote the precession for the homogeneous shell considered in the preceding memoir, or (which has been shown to be the same thing) for the homogeneous spheroid of which the ellipticity = s, P = ^r I A (First Series, Art. 26.);
and therefore if P denote the precession for the heterogeneous shell, P = 1 + l + qb -1.
P;
and if Px denote the precession which would exist if the earth were homogeneous, i. e. that of a homogeneous spheroid whose ellipticity = 1 + qb -1 Since rj cannot be greater than unity except when the earth's crust is very thin (Art. 2.), or g = 1 nearly, this expression for Pj -P is essentially positive, and therefore P is always less than Pt.
